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Abstract. We investigate the allowed range of reheating temperature values in light of the
Planck 2015 results and the recent joint analysis of Cosmic Microwave Background (CMB)
data from the BICEP2/Keck Array and Planck experiments, using monomial and binomial
inflationary potentials. While the well studied φ2 inflationary potential is no longer favored
by current CMB data, as well as φp with p > 2, a φ1 potential and canonical reheating
(wre = 0) provide a good fit to the CMB measurements. In this last case, we find that the
Planck 2015 68% confidence limit upper bound on the spectral index, ns, implies an upper
bound on the reheating temperature of Tre . 6 × 1010 GeV, and excludes instantaneous
reheating. The low reheating temperatures allowed by this model open the possiblity that
dark matter could be produced during the reheating period instead of when the Universe is
radiation dominated, which could lead to very different predictions for the relic density and
momentum distribution of WIMPs, sterile neutrinos, and axions. We also study binomial
inflationary potentials and show the effects of a small departure from a φ1 potential. We
find that as a subdominant φ2 term in the potential increases, first instantaneous reheating
becomes allowed, and then the lowest possible reheating temperature of Tre = 4 MeV is
excluded by the Planck 2015 68% confidence limit.ar
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1 Introduction
Dark matter candidates, such as Weakly Interacting Massive Particles (WIMPs), sterile
neutrinos, and axions are produced before Big Bang Nucleosynthesis (BBN). In order to
preserve the thermal history of the Universe, including BBN and all subsequent events, the
lower limit imposed by BBN on the highest temperature of the radiation dominated epoch
(in which BBN happens), i.e. the reheating temperature, is 4 MeV [1] (see also [2]). Notice
that, for example, the standard freeze-out temperature of thermal WIMPs is Tfo ' m/20,
thus WIMPs with mass m > 80 MeV are produced at temperatures above the BBN limit.
We do not know the history of the Universe at temperatures above the BBN lower
limit. Thus, in order to compute the relic abundance of dark matter candidates, assumptions
must be made about the history of the Universe prior to BBN. The standard assumption is
that the Universe was radiation dominated up to very large temperatures. However, there
are other non-standard pre-BBN cosmological models, such as low reheating temperature
models, that make different assumptions about the history of the Universe. These models
make predictions of the relic density (see e.g. Ref. [3]) and momentum distribution (see e.g.
Ref. [4]) of dark matter candidates that can be very different from the predictions made
under the assumption that the dark matter is produced when the Universe is dominated by
radiation.
Recent experiments studying the Cosmic Microwave Background (CMB), such as the
Background Imaging of Cosmic Extragalactic Polarization 2 (BICEP2) and Planck satellite
experiments, are searching for evidence of primordial gravitational waves generated during
inflation. While the BICEP2 experiment claimed the potential detection of a high level
of primordial tensor modes in the polarization pattern of the CMB [5], the expected level
of tensor modes shifted downward as the contribution due to foreground dust was better
constrained. Indeed, a recent joint analysis of BICEP2/Keck Array [6] and Planck data has
put an upper limit on the tensor-to-scalar ratio of amplitudes of perturbations produced
during inflation at the scale (so called pivot scale) k = 0.05 Mpc−1, [7]
r < 0.12 (1.1)
at the 95% confidence level. This limit can be combined with the already measured amplitude
of the scalar perturbations to find a bound on the energy scale of the inflationary potential
V of V 1/4 < 1.2× 1016 GeV.
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Inflation is a period of rapid expansion of the Universe before it became dominated
by radiation. The usual inflationary models consist of a scalar field slowly rolling down an
almost flat potential (see e.g. [8, 9]). Reheating happens when the slow-roll period ends and
the energy of the inflaton field is converted into radiation (see [10] for a review). If reheating
is assumed to be instantaneous, then the reheating temperature, Tre, is given by
V ' pi
2
30
g?(Tre)T
4
re. (1.2)
Assuming that the degrees of freedom come from the particles in the Standard Model (g? '
107 for T & 175 GeV), Eq. 1.2 gives Tre . 7 × 1015 GeV. If reheating is instantaneous, the
Universe would be dominated by radiation up to this very large temperature.
However, the physics of reheating is highly uncertain, and the reheating period may
be extended. During this extended period, the energy density of the Universe decreases due
to the expansion of the Universe, and is finally converted to a radiation bath at a smaller
temperature than that given by Eq. 1.2 (see e.g. [11–15]). This opens up the possibility that
the reheating temperature may not be much larger than the limit of 4 MeV imposed by BBN.
Here we explore the possible range of reheating temperature values implied by some
simple inflationary and reheating models, in light of the Planck 2015 results and the recent
BICEP2/Keck Array and Planck joint analysis. In particular, we want to test whether Tre
can approach the BBN limit in any of these models. We first consider the archetypal models
of inflation, large field inflation models, which are characterized by a monomial potential.
The simplest model, V = m2φ2 [16], has received ample attention recently because it fitted
the previous data well [14, 17]. Thus, we consider similar monomial (V ∝ φp) inflationary
potentials and binomial (V ∝ φp + bφq) inflationary potentials, where one of the two terms
is dominant. We consider inflationary models with potentials of m2φ2, λφ1 (motivated by
axion monodromy models [18]), and λφ4 (as in chaotic inflation [9]), and for the first time,
as a modification of the monomial potential, φp + bφq, for general p and q, but bφq−p  1.
The reheating period can be described with an effective equation of state for a cosmic
fluid wre = P/ρ (see e.g. Ref. [11]), where P is the pressure of the fluid, ρ is the energy
density, and wre is the equation of state parameter. The conservation of energy equation,
d(ρa3) = −Pda3, where a is the scale factor, then implies that the energy density scales as
ρ ∝ a−3(1+wre). For a Universe dominated by the oscillations of a scalar field around the
minimum of a monomial potential, φp, during reheating (which can be different than the
potential during inflation), wre = (p − 2)/(p + 2) [19]. In the canonical model of reheating
[20–22], the inflaton field oscillates about the minimum of a quadratic potential, and decays
to relativistic particles. In this case, wre = 0. As in Refs. [11–14], we use a range of wre
values to parametrize the physics of the reheating period. Inflation ends when wre ' −1/3,
so during reheating, the equation of state parameter must be greater than wre & −1/3. In
addition, for scalar fields ρ ≥ |P |, thus wre ≤ 1. In this paper, we consider models with
wre = 0, wre = 1/3 (corresponding to V ∝ φ4 during reheating), and an intermediary value,
wre = 1/6, as an approximate sampling of the reasonable range of wre. For example, Ref. [23]
find values of wre between 0 and 0.25, including preheating. We also consider two extreme
exotic models with wre = −1/3 (as at the end of inflation) and wre = 2/3 (corresponding to
V ∝ φ10).
The characteristics of inflation are already constrained by measurements of CMB anisotropies
and large scale structures originating from quantum fluctuations of the inflaton and gravi-
tational fields during inflation(see e.g. [24]). In addition to the BICEP2/Keck Array and
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Planck joint analysis bound on r, given in Eq. 1.1, we use the Planck 2015 measurement [25]
of the spectral index
ns = 0.9655± 0.0062, (1.3)
and the primordial scalar amplitude
ln(1010As) = (3.089± 0.036), (1.4)
to constrain the shape of the potential. The measurements of ns and As are given here with
68% confidence limits. During the slow roll phase, ns, As, and r can be related to the height
of the inflationary potential, V , and its first and second derivatives (Vφ and Vφφ) by
ns − 1 ' M
2
P
V 2
(
2VφφV − 3V 2φ
)
, (1.5)
As ' V
3
12pi2M6PV
2
φ
, (1.6)
and
r ' 8M2P
V 2φ
V 2
, (1.7)
where MP = 2.4 × 1018 GeV is the reduced Planck mass. During the slow roll phase, the
parameters V and ηV , given by
V ≡ M
2
P
2
(
Vφ
V
)2
(1.8)
and
ηV ≡M2P
Vφφ
V
(1.9)
are much smaller than 1.
We will compute ns and r in terms of the reheating temperature for a given inflationary
potential and reheating model (parametrized by wre). In order to do so, we start by relating
Tre with Nk and ρend, where Nk is the number of e-folds of expansion of the scale factor of
the Universe between the moment when the pivot scale, k, exits the horizon and the end
of inflation, and ρend is the energy density at the end of inflation. This relation depends
on the reheating model (namely wre). Assuming that the energy density does not change
appreciably during inflation, ρend is given by the product rAs. We then compute Nk in
terms of ns and r for each particular inflationary potential. Our work extends the analyses
carried out in Refs. [11–14, 17, 26] by including, for the first time, an analytical treatment
of binomial inflationary potentials, as well as monomial potentials, by taking a larger range
of values of wre, and by including the BICEP2/Keck Array and Planck joint analysis bound
on r as a constraint. Our approach is complementary to that of Ref. [27], which studies the
relationship between the inflaton decay rate and Tre.
We find particularly interesting that, while the well studied φ2 inflationary potential re-
produces the value of ns favored by Planck, the upper limit on r found by the BICEP2/Keck
Array and Planck joint analysis cannot be satisfied with this potential by any of the re-
heating models we consider, in agreement with Fig. 21 of Ref.[25]. The quadratic potential,
therefore, is no longer favored; a φ1 potential, however, does provide a good fit to the CMB
measurements. For this potential, the Planck 2015 68% confidence limit on ns and the upper
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bound on r imply an upper bound Tre . 6×1010 GeV for the reheating temperature, assum-
ing canonical reheating. Only exotic reheating models with wre < 0, such as wre = −1/3,
allow for higher reheating temperatures, with a φ1 inflationary potential. If the Universe
has a low reheating temperature, as allowed by this model, the possibility is opened that
dark matter could be produced during the reheating period instead of when the Universe is
radiation dominated, which could lead to very different predictions for the relic density and
even momentum distribution of WIMPs, sterile neutrinos, and axions from the predictions
assuming that dark matter is produced when the Universe is radiation dominated.
2 Relationship between Nk and Tre
In this section, we rederive a relation between the number of e-folds, Nk = ln (aend/ak),
where aend and ak are the scale factors at the end of inflation and when the pivot scale exited
the horizon, respectively, and the reheating temperature, Tre in terms of known quantities k,
r, As, aeq, and ρeq (the last two are the scale factor and energy density at matter-radiation
equality, when the energy densities of matter and radiation are equal). We do this by tracing
the dilution of the energy density of the Universe during the reheating phase.
During reheating, the energy density, ρ, scales as ρ ∝ a−3(1+wre), where wre is the
equation of state parameter. This means that
ρend
ρre
=
(
are
aend
)3(1+wre)
, (2.1)
where ρend, ρre and aend, are are the energy density and scale factor at the end of inflation and
at the end of reheating, respectively. After reheating comes an epoch of radiation domination
(with ρ ∝ a−4), which lasts until the Universe becomes matter dominated at matter-radiation
equality. Then
ρre
ρeq
=
(
aeq
are
)4
. (2.2)
Combining Eqs. 2.1 and 2.2, we find
aend
aeq
=
(
ρeq
ρend
) 1
3(1+wre)
(
ρeq
ρre
) 3wre−1
12(wre+1)
. (2.3)
Since aend = ak exp(Nk), we can replace aend in Eq. 2.3 and solve for Nk,
Nk = ln
(
aeq
ak
)
+
1
3(1 + wre)
ln
(
ρeq
ρend
)
+
3wre − 1
12(wre + 1)
ln
(
ρeq
ρre
)
. (2.4)
This expression is valid for any inflationary potential. This potential is needed to relate ρend
to the energy density at the pivot scale ρk. An equation similar to Eq. 2.4 is given originally
in Eq. 15 of Ref. [12], and again (but solving for Nre = ln(are/aend) and applied only to the
case of a monomial inflationary potential) in Eq. 11 of Ref. [14].
The energy density at matter-radiation equality is ρeq ' 2ρrad = 2
(
(pi2/30)g?,eqT
4
eq
)
,
where Teq = (a0/aeq)T0 and g?,eq = 3.36 are the temperature and number of relativistic
degrees of freedom at matter-radiation equality, respectively. The energy density at the end
of the reheating epoch is related to the reheating temperature by ρre = (pi
2/30)g?,reT
4
re.
The number of relativistic degrees of freedom at the end of reheating, g?,re depends on
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Figure 1. Nk for pivot scale k = 0.05 Mpc
−1 as a function of the reheating temperature Tre for
wre = 0 (black), wre = 1/6 (red), wre = 1/3 (blue), wre = −1/3 (purple), and wre = 2/3 (green),
using ns = 0.9655, As = 2.2 × 10−9, and aeq/a0 = 3360. To make this figure, we assumed that the
inflationary potential is quadratic.
the reheating temperature, Tre, and is approximately given by g?,re = 107, 90, and 11 for
Tre & 175 GeV, 175 GeV & Tre & 200 MeV, and 200 MeV & Tre & 1 MeV, respectively,
where T ' 200 MeV roughly corresponds to the temperature of the QCD phase transition,
and T . 175 GeV is when the temperature drops below the top quark mass [28].
There are still two unknown parameters, ak and ρend, in Eq. 2.4. ak can be related
to k, r, and As because at the moment the comoving scale k exits the horizon, the Hubble
expansion rate, Hk '
√
(pi2/2)M2P rAs, is related to k and ak by Hk = k/ak. Although we
do not know ρend, we do know the energy density when the pivot scale exits the horizon,
ρk = 3M
2
PH
2
k ' (3pi2/2)M4P rAs. Given a particular inflationary potential, we can calculate
the relationship between r and ns, which will allow us to find the values of Hk and ρk by
using the Planck measurement of ns given in Eq. 1.3. If the energy density during inflation is
approximately constant, then ρend ' ρk. As we will show later, this approximation introduces
an error of no more than 6% to the value of Nk in the models with wre = 0 that we consider
in subsequent sections.
Fig. 1 shows Nk as given in Eq. 2.4 as a function of the reheating temperature Tre for
wre = 0 (black), wre = 1/6 (red), wre = 1/3 (blue), wre = −1/3 (purple), and wre = 2/3
(green), for k = 0.05 Mpc−1, the central values of the measurements of ns and As, given
in Eqs. 1.3 and 1.4, and aeq/a0 = 3360 [28]. To make this figure, we assumed that the
inflationary potential is quadratic. We note that taking values of ns and As at the edge of
the 68% confidence limit ranges given in Eqs. 1.3 and 1.4, respectively, will only change the
calculated value of Nk by ∆Nk ' 0.1. The plot ends at Tre ' 7 × 1015 GeV because this
reheating temperature occurs when the inflaton field decays instantaneously into radiation,
thus ρend does not redshift before being transformed into radiation. The case of wre = 1/3
gives a straight line because the expansion rate in the reheating epoch is the same as in
a radiation dominated epoch. In this case, it does not matter when the Universe becomes
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radiation dominated, because it expands in the same way, i.e. ρ ∝ a−4, both before and after
the transition.
Fig. 1 makes it clear that if the reheating temperature is known, the number of e-
folds from when the pivot point exits the horizon to the end of inflation can be calculated,
given an inflationary potential and a reheating model. As previously mentioned, the lowest
possible reheating temperature is Tre ' 4 MeV. As can be seen in Fig. 1, this means that
Nk ' 42.5 is the lowest allowed number of e-folds between the time when the pivot scale of
k = 0.05 Mpc−1 exits the horizon and the end of inflation for wre = 0, assuming a quadratic
inflationary potential. Lower bounds on Nk for other values of wre can be found similarly.
The upper bound for all reasonable reheating models with wre ≤ 1/3 is Nk . 57.
We made Fig. 1 under the assumption that the energy density is approximately constant
during inflation. If the energy density does change during inflation, i.e. ρk > ρend, we must
add the term
∆Nk =
1
3(1 + wre)
ln
(
ρk
ρend
)
(2.5)
to the right side of Eq. 2.4. In the models we consider in the subsequent sections, the ratio of
the energy density when the pivot scale leaves the horizon to the energy density at the end
of inflation varies from ρk/ρend ' 15 to ρk/ρend ' 3700, which leads to a shift of ∆Nk ' 0.9
to ∆Nk ' 2.7 for wre = 0. A similar estimation can be made for other values of wre, and
∆Nk is always small.
3 Constraints on Tre from ns and r
In this section we find expressions for the spectral index, ns, and the tensor-to-scalar ratio,
r, for monomial (V ∝ φp) and binomial (V = φp + bφq) potentials, as a function of Nk. We
then use the ranges of r and ns, given in Eqs. 1.1 and 1.3 respectively, to derive constraints
on Nk, and subsequently Tre.
3.1 Monomial potentials
The simplest models of the inflaton potential are monomial potentials. These potentials have
the form
V (φ) = λM4P
(
φ
MP
)p
. (3.1)
The slow roll parameters V and ηV are given by
V ≡ M
2
P
2
(
Vφ
V
)2
=
p2
2
(
Mp
φ
)2
, (3.2)
and
ηV ≡M2P
Vφφ
V
= p(p− 1)
(
MP
φ
)2
. (3.3)
At the end of inflation, i.e. when the slow roll approximations break down, the first slow roll
parameter is generally taken to be V = end ' 1. Thus the value of the inflaton field at the
end of inflation is
φend
MP
=
p√
2end
. (3.4)
– 6 –
When the slow roll approximation holds,
Nk ' 1
M2P
∫ φk
φend
V
Vφ
dφ, (3.5)
where MP is the reduced Planck mass, V is the inflaton potential, Vφ is the derivative of the
potential, and φk and φend are the values of the inflaton field when the pivot scale exits the
horizon and at the end of inflation, respectively.
Using Eq. 3.5, we can then find an expression for Nk in the case of monomial potentials
Nk =
1
2p
[(
φk
MP
)2
− p
2
2end
]
. (3.6)
This relation can be inverted to solve for the value of the inflaton field when the pivot scale
exits the horizon (
φk
MP
)2
= 2pNk +
p2
2end
, (3.7)
and finally we find expressions for V and ηV as a function of Nk
V =
pend
4Nkend + p
(3.8)
and
ηV =
2(p− 1)end
4Nkend + p
. (3.9)
The spectral index, ns, and the tensor-to-scalar ratio, r, are given in terms of the slow
roll parameters,
ns − 1 ' 2ηV − 6V , (3.10)
and
r ' 16V , (3.11)
which for monomial potentials gives
ns − 1 ' −2(p+ 2)end
4Nkend + p
, (3.12)
and
r ' 16pend
4Nkend + p
. (3.13)
We can see from Eqs. 3.12 and 3.13 that for monomial inflationary potentials, the tensor-to-
scalar can be related to the spectral index by
ns − 1 = −(p+ 2)r
8p
. (3.14)
Fig. 2 shows the spectral index, ns (left vertical axis) and the tensor-to-scalar ratio, r
(right vertical axis), measured at pivot point k = 0.05 Mpc−1 as a function of Tre for p = 2,
and wre = 0 (black), wre = 1/6 (red), wre = 1/3 (blue), wre = −1/3 (purple), and wre = 2/3
(green). To find Nk, we used the same values used in Fig. 1. The light red area marks the
68% confidence limit range of the Planck 2015 measurement of ns, while the light blue area
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Figure 2. The spectral index, ns (left vertical axis) and the tensor-to-scalar ratio, r (right vertical
axis), measured at pivot point k = 0.05 Mpc−1 as a function of Tre for p = 2, and wre = 0 (black),
wre = 1/6 (red), wre = 1/3 (blue), wre = −1/3 (purple), and wre = 2/3 (green). To find Nk, we used
the same values used in Fig. 1. The light red area marks the 68% confidence limit range of the Planck
2015 measurement of ns, while the light blue area marks the range of r allowed by the BICEP2/Keck
Array and Planck joint analysis. The light purple area is where these two regions overlap.
marks the range of r allowed by the BICEP2/Keck Array and Planck joint analysis. The
light purple area is where these two regions overlap.
We clarify that we used the central value of ns = 0.9655 to calculate the value of the
inflaton potential in order to find Nk. Nk is in turn used to calculate r and ns. However, if
ns is allowed to vary between 0.87 and 0.97, as predicted by the models we consider in Fig. 2,
the value of Nk is changed by no more than 0.5 (i.e. no more than 1.5%) for wre = 0.
We see that for the well studied φ2 inflationary potential, while the models reproduce
the value of ns measured by Planck, the upper limit on r found by the BICEP2/Keck Array
and Plank joint analysis cannot be satisfied by any of these reheating models. Even for the
exotic wre = 2/3 model, the predicted value of r does not fall below r < 0.12 until the
predicted reheating temperature drops below the BBN limit of 4 MeV. Thus we see that the
φ2 inflaton potential is no longer favored by current CMB data, in agreement with Fig. 21 of
Ref. [25].
Figs. 3 and 4 are the same as Fig. 2, but for p = 1 and p = 4, respectively. We find
that a φ1 potential fits the CMB measurements better than the φ2 model. We see that
the 68% confidence limit on ns implies an upper bound of Tre . 6 × 1010 GeV, assuming
canonical reheating. Only exotic reheating models with wre < 0, such as wre = −1/3, allow
for higher reheating temperatures. In fact, with wre = −1/3, the 68% confidence limit range
in ns translates to the range 10
7 GeV . Tre . 2 × 1014 GeV for the reheating temperature.
Instantaneous reheating is not allowed by the CMB measurements. Models with wre = 1/6
restrict the reheating temperature to Tre . 7×103 GeV, while models with wre ≥ 1/3 predict
values of ns that are outside of the Planck 2015 68% confidence limit range for all possible
reheating temperatures. We find that for a φ4 potential, the predicted values of ns and r are
outside of the CMB limits for all possible reheating temperatures.
In this section, we have presented bounds on Tre for models with power law index p = 1,
– 8 –
10-3 100 103 106 109 1012 1015 1018
0.94
0.95
0.96
0.97
0.98
10-3 100 103 106 109 1012 1015 1018
0.15
0.1
0.05
Tre @GeVD
n
s r
Figure 3. Same as Fig. 2, but for p = 1.
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Figure 4. Same as Fig. 2, but for p = 4.
2, and 4, and equation of state parameter wre = 0, 1/6, 1/3, −1/3, and 2/3. However, a
similar analysis, making use of Eqs. 3.12 and 3.13, can be performed for models with other
power law indexes and equation of state parameters.
3.2 Binomial potentials
We have seen in the previous section that instantaneous reheating is not allowed in the φ1
model. We now examine analytically, for the first time, the impact of a small departure
from this potential by studying binomial inflationary potentials. By adding a second term to
the potential, we wish to find how much of a departure is necessary to allow instantaneous
reheating, and then how much of a departure it takes before the lowest possible reheating
temperature of 4 MeV is excluded. We thus consider models with inflationary potenials with
– 9 –
two terms, taking the form
V (φ) = λM4P
[(
φ
MP
)p
+ b
(
φ
MP
)q]
. (3.15)
With this potential, the slow roll parameters are
V =
1
2
(
MP
φ
)2 [p+ bq ( φMP )q−p
]2
[
1 + b
(
φ
MP
)q−p]2 (3.16)
and
ηV =
(
MP
φ
)2 p(p− 1) + bq(q − 1)( φMP )q−p
1 + b
(
φ
MP
)q−p . (3.17)
The number of e-folds from when the pivot scale exits the horizon until the end of inflation
is
Nk =
1
MP
∫ φk
φend
φ
MP
1 + b
(
φ
MP
)q−p
p+ bq
(
φ
MP
)q−pdφ. (3.18)
If the first term of the potential dominates over the second term during inflation, i.e.
1 b
(
φ
MP
)q−p
(3.19)
and assuming q/p ∼ O(1), Eq. 3.18 simplifies to
Nk ' 1
MP
∫ φk
φend
1
p
φ
MP
[
1 + b
(
1− q
p
)(
φ
MP
)q−p]
dφ. (3.20)
The solution to this integral is
Nk ' 1
2p

(
φ2k − φ2end
M2P
)
+
2b
(
1− qp
)
q − p+ 2
[(
φk
MP
)q−p+2
−
(
φend
MP
)q−p+2] . (3.21)
The first term on the right side of Eq. 3.21 is the same as in the case of a monomial potential,
and the second term is the first order correction.
As in the case of the monomial potential, we want to find expressions for the slow roll
parameters as functions of Nk. If the first term in the potential dominates over the second,
Eq. 3.16 simplifies to
V ' p
2
2
(
φ
MP
)−2
+ p2b
(
q
p
− 1
)(
φ
MP
)q−p−2
. (3.22)
Rearranging this formula, and again using the approximation that the second term of the
potential is subdominant, we find that(
φ
MP
)2
' p
2
2V
+ 2b
(
q
p
− 1
)(
p2
2V
)(q−p+2)/2
. (3.23)
– 10 –
Using this expression in Eq. 3.21 and keeping only the first order correction, we find
Nk ' 1
2p
{
p2
2V
+ 2b
(
p2
2V
)(q−p+2)/2(
q
p
− 1
)(
1− 1
q − p+ 2
)}
. (3.24)
A similar process can be followed for the second slow roll parameter, ηV
Nk ' 1
2p
p(p− 1)ηV + b
(
p(p− 1)
ηV
)(q−p+2)/2 q(q − 1)− p(p− 1)
p(p− 1) +
2
(
1− qp
)
q − p+ 2
 , (3.25)
which is valid for all p 6= 1. In the case of p = 1, we find instead
Nk '
(
bq(q − 1)
ηV
)2/(3−q)
− b
3
(
bq(q − 1)
ηV
)3/(3−q)
(3.26)
By inverting Eqs. 3.24 and 3.25 (or 3.26 for p = 1) we can then find an equation for V
and ηV in terms of the parameter b and Nk. To do this, we must use particular values of p
and q. Once we solve these equations, we use Eqs. 3.10 and 3.11 to find the predicted values
of ns and r.
3.3 Study of V ∝ φ/Mp + b(φ/Mp)2 potentials
We now focus on the interesting case of a binomial potential with p = 1 and q = 2. We
particularly wish to find out how much of a departure from a simple φ1 monomial potential
is necessary to allow instantaneous reheating, and how much of a departure it takes before
the lowest possible reheating temperature of 4 MeV is excluded by the Planck 2015 68%
confidence limits.
Before plotting ns and r as functions of Tre, it is useful to know which values of b are
allowed by the approximation that the second term in the potential is subdominant to the
first. For p = 1 and q = 2, we need to satisfy 1  b(φ/MP )1 during inflation. Keeping
the leading term in Eq. 3.22, (φ/MP )
2 ' p2/(2V ) and using Eq. 3.24, even with Nk at its
maximum value of 57 (assuming canonical reheating), we find that b . 10−1 is enough to
ensure that the second term in the potential is subdominant to the first.
Fig. 5 shows the spectral index, ns (left) and the tensor-to-scalar ratio, r (right), mea-
sured at pivot scale k = 0.05 Mpc−1 as a function of Tre for a binomial potential with p = 1,
q = 2, b = 10−2, and wre = 0 (black dashed), wre = 1/6 (red dashed), wre = 1/3 (blue
dashed), wre = −1/3 (purple dashed), and wre = 2/3 (green dashed). The solid black, red,
blue, purple, and green lines show ns and r for the corresponding monomial potential with
p = 1. To find Nk, we used the same values used in Fig. 1. The red and blue shaded ar-
eas mark the 68% confidence limit region allowed by the Planck 2015 measurement of the
spectral index and the BICEP2/Keck Array and Planck joint analysis upper bound on the
tensor-to-scalar ratio, respectively. We are no longer able to plot both ns and r on the same
plot, since the relationship between the two now depends on the parameter b. As expected,
when the second term in the potential is subdominant to the first, the dashed lines closely
follow the solid lines for a monomial potential with p = 1, but are slightly offset in the direc-
tion of the lines for a monomial potential with p = 2. As b increases, the dashed lines move
increasingly farther from the solid lines, and toward the lines for a monomial potential with
p = 2.
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Figure 5. The spectral index, ns (left) and the tensor-to-scalar ratio, r (right), measured at pivot
scale k = 0.05 Mpc−1 as a function of Tre for a binomial potential with p = 1, q = 2, b = 10−2,
and wre = 0 (black dashed), wre = 1/6 (red dashed), wre = 1/3 (blue dashed), wre = −1/3 (purple
dashed), and wre = 2/3 (green dashed). The solid black, red, blue, purple, and green lines show ns
and r for the corresponding monomial potential with p = 1. To find Nk, we used the same values used
in Fig. 1. The red and blue shaded areas mark the 68% confidence limit region allowed by the Planck
2015 measurement of the spectral index and the BICEP2/Keck Array and Planck joint analysis upper
bound on the tensor-to-scalar ratio, respectively. We are no longer able to plot both ns and r on the
same plot, since the relationship between the two now depends on the parameter b.
In particular, we want to understand how the limits on Tre change as b increases. The
range of values of Tre with predicted values of r and ns that fall within the ranges given in
Eqs. 1.1 and 1.3, respectively, can be read off of Fig. 5. In the case of canonical reheating
(wre = 0), with p = 1, q = 2, and b = 10
−2, the constraints are relaxed, compared to those
of a monomial potential with p = 1, because the addition of the second term in the potential
lowers the predicted value of ns. In this case, we see that instantaneous reheating is allowed
(as compared with an upper limit of Tre < 6× 1010 GeV for a pure monomial potential with
p = 1). The lowest reheating temperature of 4 Mev is also allowed in this case.
Finally, we can find how much deviation from a monomial potential with p = 1 is
necessary to allow instantaneous reheating, and how much of a depature it takes before
the lowest possible reheating temperature is no longer allowed. We find that in the case
of binomial potentials with p = 1 and q = 2, as the subdominant term increases (i.e. b
gets larger), instantaneous reheating is allowed for the first time when b = 5.3× 10−3, when
the predicted value of ns falls within the 68% confidence limit range of the Planck 2015
measurement. Assuming canonical reheating, the lowest reheating temperature of 4 MeV
is also allowed by this value of b. As the subdominant term continues to increase, the
predicted value of ns at Tre = 4 MeV first falls out of the 68% confidence limit range of the
Planck measurement when b = 1.4 × 10−2. This means that when b takes values between
5.3× 10−3 < b < 1.4× 10−2, all possible values of the reheating temperature are allowed by
the Planck 2015 68% confidence limit range on ns and the BICEP2/Keck Array and Planck
joint analysis upper bound on r, assuming canonical reheating.
While we have considered the interesting case of a binomial potential with p = 1 and
q = 2, a similar analysis for inflaton potentials with different values of p and q can be carried
out using the procedure described in Section 3.2. Corresponding limits on the reheating
temperature of the Universe can then be found for these models as well.
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4 Conclusions
In this paper we rederived the relationship between the number of e-folds from when the pivot
scale exits the horizon until the end of inflation and the reheating temperature. We find that
in the case of canonical reheating, and a quadratic inflationary potential, the lower bound
on Nk, measured at pivot scale k = 0.05 Mpc
−1, is Nk & 42.5. In addition, for reheating
scenarios with wre ≤ 1/3, Nk cannot exceed 57. If our assumption that the energy density
of the Universe remains constant during inflation does not hold, then the upper limit will be
raised. For example, if the energy density falls by a factor of ρk/ρend ' 3700 between when
the pivot scale left the horizon and the end of inflation, as in the most quickly falling potential
we considered, then the upper limit will be raised by ∆Nk ' 2.7 e-folds, for wre = 0.
We then found the dependence of the spectral index, ns, and the tensor-to-scalar ratio,
r, on Nk (and thereby Tre) for the archetypal models of inflation, large field inflation models,
which are characterized by a monomial potential. We also studied, as a modification of the
monomial potential, binomial inflationary potentials in which one term dominates over the
other. We used the measurement of ns made by Planck 2015 (given in Eq. 1.3) and the upper
limit on r given by the joint analysis of the BICEP2/Keck Array and Planck experiments
(given in Eq. 1.1) to constrain the possible reheating temperatures of these models. We see
that for the well studied φ2 inflationary potential, while the models reproduce the value of
ns favored by Planck, the upper limit on r found by the BICEP2/Keck Array and Plank
joint analysis cannot be satisfied by any of the reheating models we consider, in agreement
with Fig. 21 of Ref [25]. Even for the exotic wre = 2/3 model, the predicted value of r does
not fall below r < 0.12 until the predicted reheating temperature drops below the BBN limit
of 4 MeV. Thus we find that the φ2 inflaton potential is no longer favored by current CMB
data.
We see that a φ1 potential provides a good fit to the CMB measurements. We find
that the Planck 2015 68% confidence limit range on ns implies an upper bound of Tre .
6 × 1010 GeV, assuming canonical reheating. Only exotic reheating models with wre < 0,
such as wre = −1/3, allow for higher reheating temperatures. In fact, with wre = −1/3, the
68% confidence limit range in ns translates to the range 10
7 GeV . Tre . 2×1014 GeV for the
reheating temperature. Instantaneous reheating is not allowed by the CMB measurements.
Models with wre = 1/6 restrict the reheating temperature to Tre . 7×103 GeV, while models
with wre ≥ 1/3 predict values of ns that are outside of the 68% confidence limit range of the
Planck measurement for all possible reheating temperatures. We see that for a φ4 potential,
the predicted values of ns and r are outside of the CMB limits for all possible reheating
temperatures.
We then explored, for the first time, inflationary models with binomial potentials (V ∝
φp+bφq) for general p and q, and use our results to find how much deviation from a monomial
potential with p = 1 is necessary to allow instantaneous reheating, and how much of a
depature it takes before the lowest possible reheating temperature is no longer allowed. We
find that in the case of binomial potentials with p = 1 and q = 2, as the subdominant
(φ2) term increases (i.e. b gets larger), instantaneous reheating is allowed for the first time
when b = 5.3 × 10−3, when the predicted value of ns falls within the 68% confidence limit
range of the Planck 2015 measurement. Assuming canonical reheating, the lowest reheating
temperature of 4 MeV is also allowed by this value of b. As the subdominant term continues
to increase, the predicted value of ns at Tre = 4 MeV first falls out of the 68% confidence
limit range of the Planck measurement when b = 1.4× 10−2. This means that when b takes
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values between 5.3× 10−3 < b < 1.4× 10−2, all possible values of the reheating temperature
are allowed by the Planck 2015 68% confidence limit range on ns and the BICEP2/Keck
Array and Planck upper bound on r, assuming canonical reheating.
We find particularly interesting that for a monomial potential with p = 1, the 68%
confidence limits on ns and the upper bound on r imply an upper bound Tre . 6× 1010 for
the reheating temperature, assuming canonical reheating. If the Universe has a low reheating
temperature, like those allowed in this model, the possibility is opened that dark matter could
be produced during the reheating period instead of when the Universe is radiation dominated,
which could lead to very different predictions for the relic density and even momentum
distribution of WIMPs, sterile neutrinos, and axions from the predictions assuming that
dark matter is produced when the Universe is radiation dominated.
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